On the category of pairs of topological spaces having a homotopy type of CW complexes the singular (co)homology theory was axiomatically studied by J.Milnor [Mil]. In particular, Milnor gave additivity axiom for a (co)homology theory and proved that any additive (co)homology theory on the given category is isomorphic to the singular (co)homology. On the other hand, the singular homology is a homology with compact support [E-S]. In the paper [Mdz 1 ], L. Mdzinarishvili proposed partially compact support property for a cohomology theory and gave another axiomatic characterization of the singular cohomology theory [Mdz 1 ]. In this paper, we will give additional different axiomatic characterizations of the singular cohomology theory. Moreover, we will study connections of the mentioned axiomatic systems.
Introduction
Let K 2 T op be the category of pairs of topological spaces, K 2 be any admissible subcategory [E-S] of the category K 2 T op and Ab be the category of abelian groups.
A sequence H * = {H n , δ} n∈Z of contravariant functors H n : K 2 → Ab is called a cohomological [E-S] if: 1 H ) for each object (X, A) ∈ K 2 , G ∈ Ab and n ∈ Z there exists a δ-homomorphism A cohomological sequence H * = {H n , δ} n∈Z is called the cohomology theory in the Eilenberg-Steenrod sense on the category K 2 if it satisfies the homotopy, excision, exactness and dimension axioms for the given K 2 category [E-S] . It is known that up to an isomorphism such a cohomology theory is unique on the category K 2
Pol C of pairs of compact polyhedrons [E-S]. Analogously, is defined the unique homology theory H * = {H n , ∂} n∈Z on the category K 2
Pol C [E-S]. Let K 2 CW be the category of pairs of topological spaces having a homotopy type of CW complexes. The singular (co)homology theory on the category K 2 CW was first axiomatically described by J. Milnor [Mil] . He proved the uniqueness theorem using the Eilenberg-Steenrod axioms and the additivity axiom:
AD (Additivity axiom): If X is the disjoint union of open subspaces X α , α ∈ A with inclusion maps i α : X α → X, all belonging to the category K 2 CW , then the homomorphisms i * α : H n (X; G) → H n (X α ; G) (i α * : H n (X α ; G) → H n (X; G)) must provide a projective (an injective) representation of H n (X; G) (H n (X; G)) as a direct product (a direct sum).
In [Mil] the following is proved:
Theorem 1.1. (see the Uniqueness Theorem in [Mil] ) Let H * be an additive homology theory on the category K 2 CW with coefficients group G. Then for each (X, A) in K 2 CW there is a natural isomorphism between H n (X, A; G) and the n-th singular homology group of (X, A) with coefficients in G.
At the end of the paper [Mil] it is mentioned that "the corresponding theorem for cohomology groups can be proved in the same way", which can be formulated in the following way:
Theorem 1.2. Let H * be an additive cohomology theory on the category K 2 CW with coefficients group G. Then for each (X, A) in K 2 CW there is a natural isomorphism between H n (X, A; G) and the n-th singular cohomology group of (X, A) with coefficients in G.
Another axiomatic characterization of the singular cohomology theory was given by L. Mdzinarishvili. In particular, in [Mdz 1 ] a cohomology theory with a partially compact support was defined:
where F = {F α } α∈A is the direct system of all compact subspaces F α of X directed by the inclusion, is called a cohomology theory with partially compact supports.
Using the partially compact support property, the following results are obtained [Mdz 1 ]:
Theorem 1.4. (see Theorem 4 in [Mdz 1 ]) For the singular cohomology of any topological space X there is a finite exact sequence
Corollary 1.5. (see Corollary 1 in [Mdz 1 ]) If X is a polyhedron and {F α } is a system of compact subspaces of X, then for the singular cohomology there is a short exact sequence
Theorem 1.6. (see Theorem 5 in [Mdz 1 ]) Let h be a homomorphism from cohomology H to cohomology H ′ , that is an isomorphism for one-point spaces. If H and H ′ have partially compact supports, then h is an isomorphism for any polyhedron pair.
In the paper we will propose the universal coefficients formula as one more axiomatic characterization of the singular cohomology theory (cf. Axiom D in [Ber] ).
UCF (Universal coefficients formula): For each space X there exists a functorial exact sequence:
where H s * (X) is the singular homology groups with coefficients in Z. Besides, we consider a cohomological exact bifunctor which has a compact support property for an injective coefficients group and prove the uniqueness theorem for it (cf. Theorem 1 in [In] ).
EFSA (Exact functor of the second argument): A cohomological sequence H * = {H n , δ} is called exact functor of the second argument if for each short exact sequence of abelian groups
and for each space X ∈ K 2 there is a functorial natural long exact sequence:
CSI (Compact support for an injective coefficients group)
For each injective coefficients group G there is an isomorphism
where F = {F α } α∈A is a direct system of compact subspaces of X. Moreover, we study the connections between these different axiomatic approaches.
A Nontrivial internal cohomological extension
Let H * = {H n , δ} n∈Z be a cohomological sequence defined on the category K 2 of pairs of some topological spaces, which contains the category K 2
Pol C of pairs of compact polyhedrons and let h * be a cohomology theory in the Eilenberg-Steenrod sense on the subcategory K 2 Pol C . The sequence H * is called an extension of the cohomology theory h * in the Eilenberg-Steenrod sense defined on the category K 2
The cohomological sequence H * is called a nontrivial internal extension of the cohomology theory h * if the following conditions are fulfilled: 1 N T ) H * is an extension of the cohomology theory h * in the Eilenberg-Steenrod sense defined on the category K 2
Pol C to the category K 2 ; 2 N T ) the exact sequence
Theorem 2.1. If H * is a nontrivial internal extension of cohomology theory h * in the Eilenberg-Steenrod sense defined on the category K 2 Pol C to the category K 2 CW , then it is a theory in the Eilenberg-Steenrod sense on the category K 2 CW .
Note that in the next section a nontrivial internal extension of cohomology theory will be called a cohomology of Mdzinarishvili sense as well.
Proof. Homotopy Axiom. By the property 4 N T ), it is sufficient to show for the absolute case. For this aim, let us show that for each X from the category 
where k = 0, 1. On the other hand, for each F α the inclusion maps i α 0 , i α 1 : F α → F α × I belongs to the category K 2 Pol C and are homotopic and so by virtue of condition 1 N T ), (i α 0 ) * = (i α 1 ) * :
On the other hand, if we consider the systemp = {p α } : {F α × I} → {F α } induced by the projection p : X × I → X, then it induces the following commutative diagram:
Note that, for each α ∈ A, i k • p α ∼ 1 Fα×I in the category K 2 Pol C and so p * α • i * k = (1 Fα×I ) * = 1 H n (Fα×I;G) , k = 0, 1. Therefore, we obtain:
Consequently, by the diagrams (2.3) and (2.4) we obtain that p * •i * k , k = 0, 1 are isomorphisms. On the other hand, p
Consequently, we obtain that i * 0 = i * 1 . Excision Axiom. Let (X, A) ∈ K 2 CW , then A is closed subspace of X. Let U be an open subspace of A such thatŪ ⊂ IntA. Consider the coresponding inclusion map i U : (X \ U, A \ U) → (X, A) and let us show that it induces the isomorphism:
Consider the corresponding commutative diagram: (2.8)
is an inclusion map which belongs to the category K 2 Pol C . Therefore, i α U induces the isomorphism (i α U ) * :
Consequently, we obtain the following short exact sequence:
On the other hand, lim ← − 1 H n−1 ( * ; G) = 0 for all n ∈ Z and H n ( * ; G) = lim ← − H n ( * ; G) = 0 for n = 0.
3 Relations between different axiomatic systems for the singular cohomology theory
In this paper we will say that a cohomological sequence H * defined on the category K 2 CW of pairs of topological spaces having a homotopy type of CW complexes is: 1) a cohomology theory in the Milnor sense if it is a cohomology theory in the Eilenberg-Steenrod sense and it satisfies an additivity axiom;
2) a cohomology theory in the Mdzinarishvili sense if it is a nontrivial internal extension of the cohomology theory in the Eilenberg-Steenrod sense defined on the category K 2 Pol C to the category K 2 CW ; 3) a cohomology theory in the Berikashvili-Mdzinarishvili-Beridze sense if it is an extension of the cohomology theory in the Eilenberg-Steenrod sense defined on the category K 2 Pol C to the category K 2 CW and it satisfies the exactness and UCF axioms on the category K 2 CW (cf. axiom D of [Ber] ); 4) a cohomology theory in the Inasaridze-Mdzinarishvili-Beridze sense if it is an extension of the cohomology theory in the Eilenberg-Steenrod sense defined on the category K 2 Pol C to the category K 2 CW and it satisfies the EFSA and CSI axioms on the category K 2 CW (cf. [In] ).
Theorem 3.1. If H * is a cohomology theory in the Mdzinarishvili sense defined on the category K 2 CW of pairs of topological spaces having a homotopy type of CW complexes, then it is a cohomology theory in the Milnor sense.
Proof. By theorem 2.1, if H * is a cohomology theory in the Mdzinarishvili sense defined on the category K 2 CW , then it is a theory in the Eilenberg-Steenrod sense. Therefore, it is sufficient to show that it is an additive theory. Let X ∈ K 2 CW be a disjoint union of open subspaces X α , α ∈ A with inclusion maps i α : X α → X, all belonging to the category K 2 CW . Let F = {F β } β∈B be a direct system of all compact subspaces of X. Let F α,β = X α F β , then F α = {F α,β } β∈B is the subsystem of the system F and there is a natural inclusion i α = {i α,β } : F α → F, which is induced by the inclusion i α : X α → X. Consequently, for each α ∈ A we have the following commutative diagram:
Therefore, the following diagram is commutative as well:
Note that for each β a compact subspace F β has a nonempty intersection with X α only for finitely many α ∈ A and therefore, by theorem 13.2c in [E-S] we have the following isomorphism:
is an isomorphism. To complete the proof, it is sufficient to show that the homomorphism
is an isomophism. Note that for each space X ∈ K 2 Pol C , there exists a universal coefficients formula:
(3.6) 0 Ext(H n−1 (X), G) H n (X; G) Hom(H n (X), G) 0.
Therefore, each i α,β : F α,β → F β inclusion induces the following commutative diagram:
is an isomorphism. By the isomorphisms (3.4), (3.10) and the diagram (3.8) we obtain that the homomorpism (3.11)
is isomorphism as well. Note that H n−1 (F β ) and H n−1 (F α,β ) groups are finitely generated and so by proposition 1.2 and corollary 1.5 of [H-M], we have the following diagram:
(3.12)
Consequently, by the isomorphisms (3.11), (3.13) and the commutative di-agram (3.12) we obtain that the homomorphism (3.15) lim ← − 1 Hom(H n−1 (F β ), G) lim ← − 1 Hom(H n−1 (F α,β ), G) lim ← − 1 Hom(i α,β ) * is an isomorphism. While the groups H n (F β ; G) and H n (F α,β ; G) are finitely generated, by Corollary 1.5 of [H-M] we have the following commutative diagram:
By the isomorphism (3.15) and the diagram (3.16) the homomorphism
is an isomophism as well. Therefore, by the isomorphisms (3.4), (3.17) and the diagram (3.2), finally we obtained that (3.18) H n (X; G) H n (X α ; G) (i α ) * is an isomorphism.
Theorem 3.2. If H * is a cohomology theory in the Inasaridze-Mdzinarishvili-Beridze sense defined on the category K 2 CW , then it is a cohomology theory in the Berikashvili-Mdzinarishvili-Beridze sense.
Proof. For each space X ∈ K CW consider the direct system F = {F β } β∈B of all compact subspaces. In this case, for each injective group G 0 we have an isomorphism:
(3.19) H n (X; G 0 ) ≈ lim ← − H n (F β ; G 0 ).
Each F β has homotopy type of compact polyhedron, and so there is an exact sequence (the universal coefficients formula):
